Abstract: Equations describing small free oscillations of a rectilinear elastic beam with a rectangular cross section have been obtained within the framework of the linear theory of elasticity and solved using the method of integrodifferential relations (IDR). The influence of geometry and elastic characteristics on the frequencies and shapes of free beam oscillations is studied. It is shown that the longitudinal motions admit two types of displacement and internal stress fields. The lateral oscillations obtained are specified by two frequency bands, which correspond to different types of the characteristic equation roots. Numerical examples of free beam oscillations are presented and discussed.
INTRODUCTION
The beam theory based on the intuitive hypotheses which have been proposed by J. Bernoulli in the end of the 17th century (Donnell, 1976) occupies an important place among the simplified theories in the solid mechanics. In spite of the fact that the beam theory is applicable for a wide class of engineering problems, it does not take into account the important mechanical characteristics of the elastic structures like shear and anisotropic properties of the material. The qualifying formulae taken into account the influence of Poisson's ratio have been proposed for static (Timoshenko beam, see Timoshenko (1956) ) and dynamic problems (Rayleigh correction, see Rayleigh (1926) . Below the approach based on the expansions of unknown stress and displacements functions with respect to small parameter (the ratio of the beam height to its length) is used in order to deduce the new equations described the free beam vibrations (Kostin and Saurin (2005) , Kostin and Saurin, (2006 a,b,c) ).
STATEMENT OF THE PROBLEM
Let us consider a plate occupying a rectangular region with a boundary Ω γ . The plate has the height h, length l, and a constant thickness (for certainty, equal to unity). The boundary γ is assumed to be free of external loads. The stressstrain state of an isotropic body is described by a two-dimensional system of linear elasticity equations (Timoshenko and Goodier (1956) ): 
The boundary conditions can be written as 0, 0, ( , ) . We assume that (i) the body can perform small elastic oscillations relative to the state of equilibrium and (ii) the force vector f is determined by inertial forces caused by the motions of internal points of the plate:
where ρ is the material density.
THE METHOD OF INTEGRODIFFERENCIAL RELATIONS
The problem is solved using the method of IDR, which basic ideas are described by Saurin, 2005, Kostin and Saurin, 2006a,b,c. According to this approach Hooke's relations (3) are replaced by an integral equation
where C is the tensor of elastic moduli ( ). The components of the stress tensor and displacement vector u are considered as unknown functions. The linear elasticity problems are solved using the equivalent variation formulation,
under differential constraints (1), (2) and boundary conditions (4). In order to describe free oscillations of the elastic plate we represent the unknown components of the stress tensor σ and displacement vector u as expansions in powers of the ratio :
where ω is the unknown frequency. In expansion (8), the stress component x σ is a linear function of y.
The choice of the power of approximations for the functions xy τ and y σ is determined by the condition of nontrivial solutions for equilibrium equations (1). Substituting expansions (8) and (9) into Eqs.
(1) and equating the coefficients at the corresponding powers of to zero, we obtain the following system of five differential equations: 
Then, variational problem (7) is reduced to minimization of the functional in Φ (6), which depends only on the four unknown stress functions
and obeys the following boundary conditions:
Let us analyze in more detail the structure of functional Φ . Using expansions of the stress (8) and displacement (9) functions, this functional can be written in the following form:
where 
The condition that the integral in Eq. (13) 
The other unknown stress function for the first several n was established and explained by Rayleigh. The roots ( ) of the characteristic biquadratic equation can be analytically expressed: Figure 4 presents the shapes of the displacement eigenfunctions , (dashed curve) and (solid curve) calculated using relations ( , /2) u x h ( ,0) v x (9) and (11) with (12) ω ω = . It should be noted that the shape of oscillations at 1 n = is characterized by bending displacements (shear deformations are virtually absent). As n increases, the shear component more significantly influences on the shape of free oscillations. In particular, the function is positive at . ( , /2) u x h 12 n =
CONCLUSIONS
Based on the method of integrodifferential relation it is shown that there are two different kinds of the eigendisplacements and internal eigenstresses for longitudinal vibrations of a rectilinear elastic beam. For lateral vibrations it is found two frequency zones corresponded to different solution types of the biquadrate characteristic equation.
